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Abstract— We consider a two-user energy harvesting broadcast
channel, and characterize the delay minimal transmission policies
that minimize the fotal delay experienced by the data packets in
the system. We consider a continuous time system where the delay
experienced by each bit is given by the time spent by the bit in
the queue waiting to be transmitted to its receiver. We consider
the case where all data packets are available at the transmitter at
the beginning of the communication session. We characterize the
optimal solution in terms of the Lagrange multipliers, and present
an iterative algorithm that optimally calculates their values. Our
results show that in the optimal policy, both users may not be
served simultaneously all the time; there may be times where
only the strong user or only the weak user is served alone. We
also show that the optimal policy may have gaps in transmission
where none of the users is served until the next energy arrival.

I. INTRODUCTION

We consider an energy harvesting broadcast channel where
the transmitter relies solely on energy harvested from nature to
deliver data packets to two users on the downlink. We assume
that the data packets are available at the transmitter at the
beginning, and the energy arrives (is harvested) throughout
the communication session. The transmitter needs to adapt its
transmission power to its energy harvesting profile. Optimal re-
source allocation and scheduling policies have been considered
for various energy harvesting communication models. Earlier
works focus on throughput maximization and transmission
completion time minimization policies for single user settings
[1]-[4], multiple access channels [5], broadcast channels [6],
relay and two-hop networks [7], [8]. Later works introduce
energy sharing concepts to improve system throughput [9],
and incorporate system aspects of energy harvesting into
problem formulations, such as energy losses [10], transmission
processing costs [11], and receiver decoding costs [12].

Reference [13] revisits the single-user energy harvesting
communication system and considers the problem of delay
minimization, as opposed to transmission completion time
(e.g., deadline) minimization or throughput maximization. The
delay experienced by each bit is given by the amount of
time the bit spends in the queue waiting to be transmitted.
Reference [13] shows that unlike most results in the literature
on energy harvesting, the optimal transmit power in this case is
not piece-wise constant; it decreases between energy harvests
and may drop to zero before the next energy harvest. The
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intuition for this is that the later sent bits in the queue
experience cumulative delay including the delays of the earlier
sent bits; therefore, earlier sent bits need to be sent out faster
which necessitates using higher powers earlier.

In this paper, we consider a multi-user version of the
problem studied in [13]. We consider a two user energy
harvesting broadcast channel where the data packets intended
for both users are available before the transmission starts. In
this system, there is a trade-off between the delays experienced
by both users; as more resources (power) is allocated to a user,
its delay decreases while the delay of the other user increases.
We consider the minimization of the sum delay in the system.
We formulate the problem using a Lagrangian framework, and
express the optimal solution in terms of Lagrange multipliers.
We develop an iterative algorithm that solves the optimum
Lagrange multipliers by enforcing the KKT optimality condi-
tions. We show that the optimal transmission power decreases
between energy harvests, and may possibly hit zero before the
next energy harvest, yielding communication gaps, where no
data is transmitted. During active communication data may
be sent to both users, or only to the stronger, or only to the
weaker user, depending on the energy harvesting profile.

Finally, we contrast our work with [6] which developed an
algorithm that minimized the transmission completion time,
i.e., a time by which all data is delivered to users. To that
end, [6] studies the throughput maximization problem, and
shows that, for general priorities, there exists a cut-off power
level such that only the total power above this level is used
to serve the weaker user. In particular, for sum throughput
maximization, this cut-off is infinity, and all power is allocated
to packets sent to the stronger user. In contrast, in our sum
delay minimization problem, the weaker user always gets a
share of the transmitted power, as otherwise, its delay becomes
unbounded. In our work, we show that there exists a cut-off
time, beyond which data is sent only to the weaker user.

II. SYSTEM MODEL

We consider an energy harvesting two-user broadcast chan-
nel, where energy is harvested at times {¢g,¢1,...,tp—1} in
amounts {Fy, E1, ..., Ey—1}, respectively, with tg = 0. We
denote the cumulative harvested energy as:

m—1
Eo(t)= > Ei, tmoa<t<tm, m=1....M (1)
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where we define t); = oco. The data packets are available
before the communication starts, in amounts By and Bs, for
the first and the second user, respectively.

The physical layer is a degraded broadcast channel,

where X is the transmitted signal, Y} is the received signal
of user j, and Z; is the Gaussian noise at receiver j with
variance 0]2-. We assume 0? = 1 < 02 £ 02, i.e., the first user
is stronger. The capacity region for this channel is [14]

1 1 (1-a)P
rlgilog(l—FaP), T2S210g<1+a}3_’_0_2> (3)
where « is the fraction of the total power assigned to the first
(stronger) user, and log is the natural logarithm. Working on
the boundary of the capacity region we have,

P = 2(mtrz) 4 (02 — 1) e — o2 L g(r1,m) (4

which is the minimum power needed to achieve rates r; and
ro, at the first and the second user, respectively. Note that
g(r1,72) is strictly convex in (r1,79) [15]. We call a policy
feasible if the following are satisfied:

t
/ g (r(r), ra(r)) dr < Bo(t), Vit )
0
/ T (t)dt = Bl (6)
0
/ T2 (t)dt = BQ (7)
0

where the first constraint is the energy causality constraint, and
the remaining two are to ensure data delivery to both users.
The average delay experienced by each user is given by [13]

D1 = /OO 1 (t) tdt (8)
0

D2 = /OO T9 (t) tdt (9)
0

Note that, each delay expression is the integral of rate multi-
plied by time as in [13]. Unlike [13], in this two-user setting,
there is a trade-off between the delays experienced by the
two users. This trade-off can be characterized by developing
the delay region, similar to departure region in [6], where
all achievable (D;,Ds) can be plotted. In can be shown
that this region is strictly convex, and in order to achieve,
pareto-optimum delay points, one needs to solve weighted sum
delay minimization problems in the form of min py D1 + pe Do
subject to energy causality constraints. We skip such a general
treatment due to space limitations here, and instead, focus
on the sum delay minimization problem by taking u; =
o = 1. Therefore, in this paper, we consider the following
optimization problem:

/OOO ry (7) TdT + /000 ro (T) TdT

St /0mg(rl(T),rQ(T))dTgEa(tmy m=1,...

min
71,72

M

Tl(T)d’T = B1

?"Q(T)d’r = B2
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III. MINIMUM SUM DELAY PoLICY

We note that (10) is a convex optimization problem [15].
We solve using a Lagrangian approach:

EZ/ Tl(T)TdT-‘r/ ro (T) TdT
0 0

+ i A ( / 7 g () o)) ansm))

m=1

. (/OOO r(F)dr — Bl) . (/OOO ro(r)dr — Bg>
- /OOO 1 (7Y ()dr — /OOC o (F)ra(7)dr (1

where {\;.}, 11, v2, 71(t), and ~2(t) are the Lagrange
multipliers. KKT optimality conditions are:

g (r1(t),r2(t))

9g (r1(t), r2(t)) _
where we have:
A= D A (14)
{m:t,, >t}
99 (ri(),r2(t)) _ o a(m(t)+ra(t))
—8r1(t) =2e¢ (15)
g (ri(1)sm2(t) _ o 2(r (t)+ra(t)) 2 1\ 2ra()
T(t)_ze +2(c*—1)e (16)
along with the complementary slackness conditions:
t’nl
Am </ g (ri(7),ro(7)) dr — Ea(tm)> =0, Vm 17)
0
1%} </ 7"1(7’)d7’ - Bl) = 0, "Yl(t)rl(t) =0 WVt (18)
0
2 (/ TQ(T)dTBQ) =0, Y)r(t)=0 Vvt (19)
0

From the above KKT conditions, we can write the rates and
total power expressions in terms of the Lagrange multipliers.
First, we write the rates expressions as:

o? — 1 vy —
ﬁ(t)zllog(( 1) (n () + t)) 0

Y2 (t) =7 () +v2 =0

1 (- tm-n
) = g1on (2 )

We now state the following result.

2L

Lemma 1 The optimal Lagrange multipliers (v, v3) satisfy:
vi < v < o’uf.



Proof: We show this by contradiction. Assume v5 < v;. Then,
by (21), the value of r3(t) is well-defined only if v2(¢) > 0
Vt, which means by complementary slackness that r5(t) = 0
Vt. Therefore, assuming Bs > 0, the weak user will never get
to receive any of its data. This proves the first inequality.

To show the second inequality, assume 021/1* < vj. Thus,

(0'2 — 1) (1/1 — t)
Y2 (1) +v2 — 11
Therefore, the right hand side of (20) can only be positive if
~1(t) > 0, but this means, by complementary slackness, that
r1(t) = 0, which is a contradiction. Hence, 71 (¢) = 0 Vi, and,
assuming B; > 0, the strong user will never get to receive
any of its data. W
Next, we characterize the optimal total transmit power
g (r1(¢),r2(t)) by the following lemma.

< (22)

< ]-a Vta 72(15) Z 0

Lemma 2 In the optimal policy, the total transmit power
g (r1(t),ra(t)) is given by

g(ra(t), ra(t)) = max{

l/2—t o 1

—¢ +
D) ”’Mo“} @)

Proof: From (13) and (16), we have
va +72(t) =t

g(ri(t),ra(t)) = RO 2 (24)
Since from (15) and (16) we always have
9g(ri(t),r2(t) o _ Og(ri(t),r2(t))
Ora(0) N0 L @
with equality iff ro(¢) = 0, from (12) and (13), we have
vy +ya(t) — t o Vi F+m(t)—t
IR R O R

Thus, if r9(t) > 0, by complementary slackness 2 (t) = 0,
and the total power is given by

ora(0).ra(t) = Bt~ o @
vi+n(t) —t
T—l (28)
le—t
> 0 -1 (29)

On the other hand, if ro(¢) = 0 and r1(¢) > 0, we have
vot+2(t) -t o

g(rl (t), TQ(t)) = T ag (30)
- vy — t _
T 31)
Vo — t 2
> NO) -0 (32)

Finally, if both rates are zero, then the total power is zero.
Combining this with the above gives (23). B

The above lemma shows that the optimal power decreases
with time between energy harvests, and can reach zero before

increasing again with the next energy harvest. The following
lemmas characterize the structure of the optimal policy.

Lemma 3 In the optimal policy, the transmission starts by
sending data to the strong user, and finishes by sending data
to the weak user.

Proof: We show this by contradiction. Assume that the trans-
mission starts by sending data to the weak user only, i.e.,
r2(0) > r1(0) = 0.! By complementary slackness, we have
v2(0) = 0. By Lemma 1, since o%v; > 15, we have

(02 = 1) (71(0) 4+ 11)
vo —v1 —7(0)

which implies, by (20), that r1(0) > 0, which is a contra-
diction. For the second part of the lemma, assume that the
transmission ends at some time ¢y with r1(ty) > ro(ts) = 0.
By Lemma 2, we know that this can only occur if A(tf) >
Y211 £ )y, Since A(t) is non-increasing, we have A(t) >
A(ty), Vt < ty. This means that A(t) does not fall below A,
throughout the transmission, which is equivalent to saying,
again by Lemma 2, that the weak user does not receive any
of its data, which is a contradiction. H

>1

; Vm(0) >0 (33)

2
Lemma 4 Fort < t;, £ T2, if the transmitter is sending

data, then it is sending to the strong user.

Proof: We show this by contradiction. Assume that for some
t < t;; data is sent only to the weak user, i.e., we have
r1(t) = 0 and 72(f) > 0. By complementary slackness,
we have v2(t) = 0. Since ¢ < ty, it follows by simple
manipulations that the numerator of the term inside the log
in (20) is strictly larger than its denominator V-, (¢) > 0, i.e.,
r1(t) > 0, which is a contradiction. The only case where
r1(t) = 0 for some ¢ < t;, is when v2(¢) > 0, which means
by complementary slackness that ro(¢t) = 0. B

A. Modes of Operation

There can be four different modes of operation at a given
time, depending on which user is receiving data. The first
mode is when only the strong user is receiving data, i.e.,
r1(t) > 0 and 72(¢) = 0. By Lemma 2, this can be the case
only if A\(t) > Ay, = “4=¢. In this mode, we have the total
power and the strong user’s rate given by

g(rl (t)v 0)

(34)

(35)

The second mode of operation is when both users are
receiving data, i.e., r1(¢) > 0 and r5(¢) > 0. Again by Lemma
2, this can be the case only if A(t) < Ay,. Moreover, by (20),

!Extension of the contradiction arguments in this lemma to an e-length
interval, € > 0, follows directly.
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we also need t < ty, = 5. In this mode, the total power
and the users’ rates are given by

ora(0).ra(t) = %"~ o (36)
r(t) = %1 (W) (37)
ro(t) = %bg (W) (38)

The third mode of operation is when only the weak user is
receiving data, i.e., 1 (t) = 0 and 73(¢t) > 0. For this to occur
we need both A(t) < Ay, and t > ty,. The total power and
the weak user’s rate are then given by

Vo — t 2

g(OaTZ(t)): )\(t) -0

ro(t) = %log <§?t);i>

The fourth mode is when both rates (and the power) are
zero. We denote this mode as a communication gap. These
gaps may occur, for instance, if there is a small amount of
energy in the battery that is insufficient to deliver all the data,
and a large amount of energy arrives later. The transmitter may
then finish up this small amount of energy to send some bits
out and wait for additional energy to send the remaining bits.

(39)

(40)

B. Finding the value of \(t)

We next characterize the rates and powers. The following
lemma shows that A(¢) is a piecewise constant function.

Lemma 5 In the optimal policy, the Lagrange multiplier
Sunction \(t) is piecewise constant, with possible changes only
when energy is depleted.

Proof: By the complementary slackness conditions on A(t),

AL =0, if E*(ty) < Eo(tm) (A1)
E*(tm) = Eoltm), if A5, >0 (42)

Therefore, A(t) remains constant between energy harvests, and
can only decrease when A, > 0 for some m, which happens
only when energy is depleted. H

By Lemma 5, A(t) is a sequence rather than a continuous
function of time. We denote the times of change of A(t) by
{s1,82,...,sL} with s; =0, and the values of A(¢) between
such times by

A(t) = {Ak’
XS,

Next, we characterize the optimal {\{} sequentially. Deter-
mining the value of A\§ requires the knowledge of v{ and v3,
and also which mode of operation is active during the interval
[Sk,Sk+1). Let us define Bj(t) as the total amount of bits
transmitted to user j by time t. The next theorem shows how
to compute Af given the mode of operation. The proof uses
similar steps as in [13, Lemmas 2 and 3] and is omitted here.

te [Sk, 8k+1)

t € [sy,00) )

Theorem 1 Given a mode of operation, with the optimal vy,
v3, N, 81, VI < K, define the following quantities Vm.: t,, > sy,

E*(sk) —i—[ " g(ri(7),m2(7)) T dr = Ey(tm) (44)

Sk

A1: o Bi(sk) +/ r (1) dr = By

Sk

)\2 . B;(Sk> +/ 7"2(7')+d7' = Bg

Sk

(45)

(46)

where 11, 19, and g(ri,r2) are defined by the mode of
operation in Section III-A, with the convention that S\j =0
whenever a mode of operation has r; =0, j = 1,2. Then, the
optimal X\{, for this mode of operation is given by

AL = max{j\m,jq,j\g}, VYm : ty > Sk 47)

The results in Theorem 1 imply that one has to know
the mode of operation before computing the optimal values
of the Lagrange multipliers. Note that communication gaps
occur naturally due to the (-) operation in these expressions.
In the next section, we develop an iterative algorithm that
computes {A\{} based on an initial assignment of the mode
of operation and the values of v, v5. The algorithm is based
on the necessary conditions stated in the previous lemmas. By
Lemma 1, we know that the optimal values of v, 15 lie in a
cone in Ri 4. We also know, by Lemmas 2 and 3, that the
communication stops if ¢ > v5. Therefore, we find an upper
bound on the value of v as follows. First, we move all of
the energy to tj;_1, the arrival time of the last energy packet,
and start the communication from there. Second, we solve this
single energy arrival problem and find its optimal v5 which
we denote by 15", Therefore, an upper bound on v of the
multiple energy arrival problem is

vy <™ i 20 (48)

Once this upper bound is found, one can perform a two-
dimensional grid search over the feasible region of vy, vs:

Ruv, = {1/1,1/2 < <wmm< O'2V1,l/2 < y”b} (49)

Next, we analyze the single energy arrival case to characterize
the upper bound on v5.

C. Single Energy Arrival

For the single energy arrival case, we first note that there
can be no communication gaps, as this can only increase the
delay. We also note that since there is only one value of
A, corresponding to only one energy arrival constraint, the
optimal power is given by the first term in (23). If not, then
the weak user will never receive its data. Hence, the first mode
of operation where only the strong user is receiving data never
occurs. Thus, the optimal total power is given by
palt) = 2 o
where the subscript s denotes single arrival, and t; is such
that p,(¢) is non-negative. From the above, we also note that

Vt<t; 2 vy —Ao®  (50)



Algorithm 1 Solving for {Af} given (v1,12)

Algorithm 2 Finding the optimal (v, v3)

: Assume transmission starts with Mode 1
repeat

Find the next Af using (47)
until \{ < Xy,
Set the mode of operation as Mode 2
repeat

Find the next Af using (47)
until ¢ > t;;,
Set the mode of operation as Mode 3
repeat

Find the next A\{ using (47)
until Weak user’s data or transmission energy is finished

R A A R ol e

—_ =
N e

A cannot be 0, or else the power is infinitely large. Since A > 0,
by complementary slackness, the transmitter has to consume
all of its energy by the end of transmission. This simplifies the
single energy arrival problem, as in this case, we have all the
three constraints, both users’ data and transmitter’s energy, met
with equality. Therefore, we can solve for the optimal values
of the Lagrange multipliers satisfying the following:

ttn 1 2_1q _

/ ~log <(U i t)) dt =

0 V2 — 11

122 vy — 1 b1
— 1 —_— —lo, dt = By (52
2 °g<x<o—2—1>> +f, g (5 )= 2
.tf
/ ps(t)dt =E (53)
0

The above three equations are direct consequences of the

modes of operation analysis in Section III-A. These can be
further simplified into:

By (51

o 2

2 _
g ((U 1)”1> =B (54)
2 Vo — 11
V2 Vo — 11 -
ok <)\(a2—1)) B (55)
(1/2 — )\0’2)2 .
o\ E (56)

Note that (54)-(56) have three equations in three unknowns,
and can be solved numerically for the values of \*, v, and v3.
Note from the above analysis that, since we always start with
the second mode of operation, where both users receive data,
in this setting, we have A < Ay, This implies that ¢t > t,
and enables the following stronger version of Lemma 3.

Lemma 6 In the optimal policy solving (10), transmission
always ends by sending data only to the weak user.

Proof: In the single energy arrival case, since ty > t;,, we
always end transmission by sending data only to the weak
user. In the multiple arrival case, the last energy arrival can be
viewed as a single energy arrival problem with the remaining
data in the data buffers as modified constraints. Then the single
energy arrival result applies, yielding the stated result. ll

1: Fix v1 = € > 0 small enough
2: while 1, < " do
33 Fixwvy=v1+¢€

4. while v < min{o?v;,1"*} do

5 Solve for {Af} via Algorithm 1

6: if Bl( ) B; and BQ( ) By then
7 Declare current policy as optimal

8 else

9: Vg Uy + €

10: end if

11:  end while
12: V1 <Vt €
13: end while

We have now characterized how to get the upper bound *°
in (48). In the next section we present an iterative algorithm
to find the optimal Lagrange multipliers solving problem (10).

IV. ITERATIVE SOLUTION

The analysis presented in Theorem 1 describes an optimal
method of finding {\}} given v and vj. To find the latter
two, we perform a grid search over the region R,,,,, which
is fully characterized by the single arrival analysis. We perform
the search as follows. We fix (v1,12) € Ry,.,, and solve for
{A%} to acquire a transmission policy accordingly. We denote
by Mode 1, Mode 2, and Mode 3, the mode of operation where
data is sent only to the strong user, both users, and only to the
weak user, respectively. Since Mode 1 can only occur at the
beginning, we assume that the transmission starts according to
that mode, and compute the corresponding As by Theorem 1.
If these As are all less than A, then they are correct. We
move to Mode 2 once we get a value of \ larger than \;,. We
stay at Mode 2 until the time passes t;;,, then move to Mode
3 till the end of communication. By Lemma 6, we know that
Mode 3 always exists. The transmission then ends whenever
the weak user’s data or the transmission energy is finished.
We summarize these in Algorithm 1 above.

After we find the transmission policy, we check whether
the data buffers of both users are empty. If this is the case,
then by the convexity of the problem, this policy is optimal
as we have thus found a feasible policy satisfying the KKT
conditions [15]. Note that we might end up with a policy that
either does not finish up all the users’ data, or even transmits
more than the available. If either is the case, we re-solve using
another (v1,12) point. Since the region R,,,, is bounded,
iterations are guaranteed to find the optimal solution according
to the above stopping criterion. We summarize how to find the
optimal (v, v2) in Algorithm 2 above.

V. NUMERICAL RESULTS

We present a numerical example to illustrate the results in
this paper. We consider a system where energy arrives with
values [6, 10,4, 5] at times ¢ = [0, 70, 100, 150], with amounts
of data B; = 8 and By = 4.25 intended for the strong and the
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Fig. 1. Optimal power and rates for a system with four energy arrivals.

weak user, respectively. We first find the upper bound on v3
by solving the single energy arrival case by setting £ = 25 in
(56) and finding the value of V;mgle. Adding tp_1 = 150, we
get v*® ~ 170. We then apply Algorithm 2 to find the optimal
total power allocation for the multiple arrival case and the
corresponding users’ rates. These are shown in Fig. 1 as a
function of time. We see that all four modes of operation are
present in this example: the transmitter begins by sending data
only to the strong user (Mode 1) until it consumes the initial
energy arrival, and stays silent until the next energy arrival,
then it sends data to both users simultaneously (Mode 2) until
all strong user’s data is finished, which occurs at ¢;;, ~ 79.4.
Then, it starts sending data only to the weak user (Mode 3),
before keeping silent until the third energy arrival, and then
finishes up the weak user’s data. Note that the fourth energy
arrival is not used in this example. In Fig. 2, we show the
corresponding optimal total energy and data consumption for
this policy as a function of time.

Next, we compare this to the transmission completion time
minimization problem in [6] with the same data values and
energy arrival profile. The optimal transmission completion
time is equal to 7™ = 90. Calculating the delay achieved by
such policy gives D ~ 717.2. On the other hand, our delay
minimizing policy achieves a smaller delay of D* ~ 593.3,
however, it takes a larger amount of time to finish 7' ~
101.5. This shows that there exists a trade-off between delay
minimization and transmission completion time minimization,
and that the two problems are different, even when all data is
available before the start of communication. That is, finishing
data delivery by a minimum time, and having data experience
minimum overall delay yield different optimum policies.

VI. CONCLUSION

We considered a two-user energy harvesting broadcast chan-
nel and characterized the minimal sum delay policy subject
to energy harvesting constraints, when all data intended for
both users is available before transmission. We showed that
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Fig. 2. Optimal energy and data consumption.

the optimal power is decreasing between energy harvests, and
that there can be times when data is sent only to the strong
user, both users, or only to the weak user. We also showed
that there can be communication gaps where the transmitter
is silent between energy arrivals. We presented an algorithm
to find the optimal policy iteratively.
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